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ABSTRACT
Strongly elliptic differential operators with (possibly) unbounded lower order
coefficients are shown to generate analytic semigroups of linear operators on
LP(R™), 1 = p = . An explicit characterization of the domain is given for
1 < p < . An application to parabolic problems is also included.

1. Introduction and notation

This paper is concerned with the analysis of some spectral properties of
second order elliptic operators

Eu=YaDju+Y bDu —cu,
i j

where a;;, b;, ¢ are real-valued functions defined on R”. The (possible) growth
of the coefficients of E will be referred to a differentiable function V(x)= 1
such that '

(1.1) IDV(x)| = o([V(x)]**)

(here and in the sequel, by f = 0(g) we mean that for any ¢ > 0 there exists k,
such that | f(x)| = eg(x) + k,). In fact, we will impose conditions of the form

a;, NV, cIlVECR"),, Vi,j=1,...,n,
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where C(R"), (resp. C(R")) denotes the space of uniformly continuous (resp.
continuous) bounded functions defined on R".

The spectral properties we are concerned with are estimates that imply the
generation of analytic semigroups in L?(R"), 1 = p = oco. Moreover, these
estimates give a characterization of the domain of E in the case of 1 < p < o0.

Similar problems have been studied by many authors. As for the case of
1 < p <o, Agmon [1] studied operators defined on bounded domains (for
this case see also [3]). Higouchi [12] and Freeman and Schechter 1] proved L?
estimates for operators with uniformly bounded coefficients. For operators
with bounded coefficients, generation in L' was treated by Amann {2] and Pazy
[16]; Davies and Simon [9], Davies [8] and Voigt [17] analyzed Schroedinger
operators with unbounded potential term.

Generation results in different topologies, such as the Holder topology, are
proved in [5] under stronger assumptions on V.

We note that, if one is just interested in the semigroup generation, then one
may assume less restrictive conditions than (1.1) (see for instance [15] where ¢
is supposed to be bounded below; see also Section 2 of [5]).

The plan of the paper is the following: in Section 2 we obtain a preliminary
result in L”, that we apply to get the generation theorem in the uniform
topology (see Section 3). Then, by duality techniques, the L' estimates follow
in Section 4. Thus, by interpolating between L! and L®, we obtain the L?
estimates under general assumptions (see Section 5). Finally, in Section 6 of
this paper we use a maximal regularity result for the abstract Cauchy problem
to study a parabolic equation with right-hand side in L?(0, T'; LY(R")).

We conclude this section introducing the main notation of the paper. If
xo&ER"and r > 0 we set

B(xg, r)={xER":|x — x| <r}.
Let V(x)= 1 be a measurable function and 1 = p <. For j=0, 1,2 we

denote by H’?(R", V) the space of functions « such that

lullfor= X pU=180e12| Dby |Pdx < + co.
B1=jY R

For simplicity, we drop the subscript or superscript p when p = 2.
With a slight abuse of notation, we denote by C'(R", V) the space of
functions u such that

Du, VuECR"), Vi=1,...,n
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and set

[2 | D |2]m

J

lu oy =Itlot | Vi flow Ul = !

b
0,00

[l # J]o.o = sup [(x)].
xER"

For the sake of brevity, in all the notation above we omit specifying the weight
V if ¥'=1. Furthermore, we set

C'R"),={u€ECR"),:DueCR"),, Vi=1,...,n}.

2. A preliminary result in L?(R"), 2 < p <
We consider an elliptic operator
2.1 Eu =73 aDju + ¥ bDu — cu
i J
where a;;, b;, c are real-valued functions defined on R". In this section we will

refer the growth of the coefficients of E to a differentiable function V(x)= 1
such that

2.2) |[DV(x)| < kV(x), VxER"

for some constant £ > 0. In fact, we assume that

(2.3) a;, bV, cIlVECR"),, Vi,j=1,...,n.

In particular, we suppose that

(2.4) c(x) =a(x)V(x) + B(x), VxER"

where a, § € C(R"),, a(x) Z ay> 0, and that E is uniformly elliptic, i.e.

(2.5) };aij(x)ciéjgvlélz, Vx,{ER"

for some constant v > 0. Finally, we assume that

(2.6) 2 15;(x) 1 = vaeB WV (x), VxER"
j

for some constant B €[0, 2[.

Under the assumptions above, it is known that operator E is the infinitesi-
mal generator of an analytic semigroup on both L}(R") and L*®(R"), see
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Theorems 1.2 and 1.4 in [5]. In particular, there exists w; €ER such that, if A€C
and Re A = w,, then for each f&€ L*R") the equation

2.7 A—Eu=f
has a unique solution ¥ € H(R", V) and
28 Julytli-walNulw+ -l ulloZk|flo

Moreover, if f€L*(R"), then there exists w, = w, such that for any A€C
satisfying Re A = w, equation (2.7) has a unique solution u € C'(R", \/17) Al
H*R"),, and

(2.9) |A — C‘)2|“2 | u ||1,ao,ﬁ + |4 —w;] | u "0,w =k "f"o,m-
We now want to show a similar result in the L? case.

2.1. THEOREM. Assume (2.2)-(2.6) and let a; € C'(R"),. There exists vy €
R such that, if Re A = w,, then for each fELP(R"), 2 = p < + oo, equation
(2.7) has a unique solution u € H"»(R", \/I_/) N HA(R"),,. and

2.10) || Vullo, + 14— s N llipr + 1A —@s] 1% llop Sk N S los

where k is independent of the derivatives of the coefficients a;, as well as of p and
A.

Proor. Consider the operator in divergence form

E,u=7Y D(a;Du)— ¥ (DayXDu)+ ¥ bDu — cu
i

i
and set
2.11) A= m;tx la; |1
By interpolating between (2.8) and (2.9) it follows that, if Re A = w,, then for
each p €12, + oo[ the equation

(A—E)u=fEL'R")

has a unique solution u € H"*(R", vV) 0 HYR"),,, and
(2.12) 1A — @3] | u o+ 14— a5l [ ullop Sk f oo

Let now {xy}~3z be the sequence of points with integer coordinates in R” so
that Uy B(xy, v/) covers R" and 6y € C=(R") be a cut-off function such that
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0=y =1, 6y=1 on B(xy, V1), 6y=0 out of B(xy, 2v/n) and |D*6y| <k
for |a| =2 and N = 1. Obviously, uy = 8, 1s a solution of the equations

(A—E)uy=gy and (A —E)uy =gy
where, in view of (2.12),

(2.13) gy = 0Nf—- E a,j(ZD,-uD]-GN + uD,-ﬁN) - 2 bjuDJ-BN ELP(R").
if i

Therefore, we can derive L? estimates by Pazy’s technique. Define
ut = |uy P~y EHWR", V) where g =(p — 1)/p

(in the sequel we omit the subscript N to abbreviate the notation). Then
I . (A — E )uu*dx = f . Y a;DuDu*dx + f - Y Da;Du u*
- fw Y bDu u*dx + fw (¢ + A)u u*dx.
Now, arguing as in [16] (p. 215),
Re fw Y aDuDu*dx Z v fw 21Dy |* | u|P~dx.

Moreover, recalling (2.6) and (2.12),

fk.ZijDju u*|dx =vB/2 fleDju 1*|u|?~%dx + B/2 fw V0u|Pdx,
fw S| DD u* |dx < k, fw'“ Pdx + (1/2 — Bl4y fn_ S| D 2| 4 P~2dx.

Therefore, choosing
(2.14) wy=w,+ 2k, + 1

we obtain
f |gu*|dx = Ref (A — Euu*dx
Rﬂ Rﬂ

> (1/2 ~ Bldy fw S D 2] 1P ~2dx

+(1—B/2)f V|ul"dx+f [u |Pdx
R’ R"
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and so

2.15) [ laulluypidx 21 =812) [ Viwelrax.
Now, notice that (2.2) implies that
(2.16) V(x)<uV(y) for |x —y| =4vn
for some constant g > 0. Then, (2.15) and (2.16) yield, forany N = 1,
8w o, Cll tn lo,)? =" Z (1 — B/2)p ™'V xn )|l ty o)’

Hence

8w llo, 2 (1 = B2)u="V0xx) | tw llo, 2 (1 = B/2)u2 || Vuy ||,
and finally

f | Vu |Pdx §f 3| Vuy |Pdx = p?(1 — B/2)"’f Y g |Pdx.
R’ R N RN
Thus, (2.10) follows from the last inequality and from (2.12). a

3. Generation in L*(R")

Using estimate (2.10), we can improve the bound in the uniform norm
obtained in Section 5 of [7]. Let w, be the number given by Theorem 2.1.

3.1. LEMMA. Assume (2.2)~(2.6) and let a; EC'(R"),. If Re A Z w;, then,
Jor each fE€L*(R"), equation (2.7) has a unique solution u € C'(R", \/I—’) N
H*R"),,. and

(3.1) 1A= @3] |t | om + 14 — 03] N8t oo S Kt | S oo
(3.2) | Vi Jlow = ki || f 0,05
where k, is independent of A, as well as of the derivatives of the coefficients a;.

Proor. We merely need to prove the bound (3.2), which is not contained
in [5]. From (2.10) it follows that (3.2) holds if f€ L?(R") N L*(R") for some
D E]2, + «o[. In the general case, let ny € C*(R") be a cut-off function such that
0=n=1,n=10nB(0, N), =0 out of B(0, 2N) and define uy = nyu. Then,
(A — E)uy = gy €EL>(R"), where

ev=nnf— 2 a;(2DuDjy + uDjny) — 2 bjuDjﬂN
il J
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has compact support. Then, by (3.1),

I Vew o =k 1l 83 oo S K Il f oo

which in turn implies (3.2). Notice that, as in Theorem 2.1, w; is the only
constant depending on the derivatives of the coefficients (see (2.14)). O

3.2. LeMMA. Under the assumptions of Lemma 3.1

(3.3)

172
v2iur|”| ksl
j 00

where k, is independent of A, as well as of the derivatives of the coefficients a;;.

ProoF. Suppose first that x is such that

v zipuer]” = |2 i0ur]”

0,00

Then, arguing as in the proof of Lemma 5.1 in [5], it follows that for any ¢ > 0
there exists k, > 0 such that

r Uy o,8002)

Skoo +krVO) TN o+ 7 2 u 0,wBux) T T Nt b w08.007)

for any r > 0. Here k; is a constant, independent of ¢ and A, and

| % fowpin= sup |u(x)l
XEB(x,r)

(we have defined |u |y o pxrrzy A0 | U |y, 0 B(x 12v7 accordingly). Now, choose
0 = 1/(4kou?), r=ko 'V(x)"'?

where u is the constant that appears in (2.16). By (2.16) and the last inequality
we obtain

12
@he) || V1]
J

0,00

2 ]
0,00

=@ 1 oot 1 Vi Nou+ (k)™ [V 2 10|

The last inequality and (3.2) imply (3.3).
Next, assume that vvuec I(R"). Then, one may repeat the previous
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argument about a point x such that [¥(x) Z; | Du(x)|*]"* is arbitrarily close to
| [VZ; | Djul*1"? || o, and (3.3) follows again.

The general case may be treated using the analysis above and the approxima-

tion procedure contained in the proof of Theorem 1.4 in [5]. O

Let us now consider the following perturbations of operator E:
(3.4) Eu=Eu+ Y bDu+ éu.
j

The following result is a trivial consequence of Lemmas 3.1 and 3.2.

3.3. LEMMA. Assume (2.2)-(2.6) and let a;€C'(R"),, 5,-, ¢EL>(R").
There exists 6 > 0 such that, if

(3.5) || <6V/V+R, |6|<6V+K withRz1
and if u € C\(R", v/V) N HXR"),. is a solution of the equation
(A — E)yu = fEL>(R")

with Re A = w, = w; + 2K, then

172
rzioue] ™|+ 1 vuloe+ 13- 00 4t
J , a0

3.6
(3.6) + 12— 0] | 4 low = Ko Il £ lloser

We now state an estimate which is useful when dealing with functions V'
satisfying more general growth conditions than (2.2).

3.4. LEMMA. Let V(x)= 1 be a differentiable function on R" satisfying
3.7 IDV(x)| = y[V(x)+T1*, VxER"

Jor some constants y, I > 0. Then, Y h €ER" such that |h| <2/yvV/V(x)+T,

2 2
v -1
[ (x)+r][<y|h|\/V(x)+l"+2) ]
(3.8)
SVx+h) —Vx)=[Vx)+T]

[<y|h|\/V(fc)T“—2>z—l]'

We omit the standard proof of the previous Lemma.
Next, we turn to the analogue of the bounds (3.1), (3.2), (3.3).
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3.5. LEMMA. Assume (2.3)~(2.6) and let a;EC'(R"),. Let V(x)= 1 be a
differentiable function on R" satisfying
(3.9) | DV(x)| = o([V(x)]*?).

There exists ws<ER such that, if u € C'(R*, «/I_/) N HYR™),,. is a solution of the
equation

(A —E)u = fEL*R")

with Re A = ws, then

172
[riar]™] 0¥ owt 12— 0 N s
j ,00

3.10
G0 ol N o = ks 1 Tl

where k; is independent of 4, as well as of the derivatives of the coefficients a;.

PrOOF. Let x,ER" and set V, = V(x,). Let 7 > 0 be a number that will be
fixed in the sequel. Define

Ko=max{1, | afloo+ I B llow+ VVaoB}
and
Egu = 2 a;(x)Dju + 2 bi(xo)Diu — c(xo)u
y 7

where a, B, v, a, B are the same as in (2.4), (2.5), (2.6). Let 6,> 0 be the
number given by Lemma 3.3 for operator E;. We set

(3.11) 7 = "1 — 8V Ky/(6* + 64Kp)].
From condition (3.9} it follows that there exists I' > 0 such that
(3.12) IDV(x)| = y[V(x)+T]%, VxER",

Letr= n/\/m and 6 be a cut-off function such that
0=60=1, 6=1o0nB(xy,r), =0 outof B(x,, 2r),
ID0| =@niVVo+ D), |a| S2.
We denote by 1;(x) the characteristic function of a set B. Define

l;j(x) =[bi(x)— bi(x0)] 1pm2n(X) and  E(x) = [c(x) — c(xp)] 13(,.20(X).
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If we set, as in (3.4),

Eou = Eou + 2 EjD,'u —éu,
J

then

(3.13) (A —EX6u)=6f— X a;(2DuDB + uD ) — ¥ bjuD,6 =F.
i i

Now, notice that I' in (3.12) may be chosen so that E, satisfies condition (3.5)
of Lemma 3.3. Indeed, from (2.3), (2.4) and (2.6) it follows that

Vel +[ S8 s K

and

ox) ey bix) by
V) V() 2'\/V(x il = ex v

where w(t) = 0 is non-decreasing and lim, ;o w(t) = 0. Therefore,
1601 = 0@nIVVo+ DIV + Ko Vo + Dilm — )72 - 1],
150)| = 0@nivVo+ DV + K/ Vo + VDlm — 12— 1114,
and so, choosing I, such that
@ (2n/VT,) < éy/4,
recalling (3.11) we have, forI'2T,,
|6(x)| S&Vy2+T6y2 and |byx)| =6V Vy2 + vTdy2.

Next, from Lemma 3.3 we conclude that, if Re A = w,, then

172
[rzip@r]”| + 1 toe+ 12— 0 1 60 o
j ,00

+ 12—y | O oo R | F [l 0,00
where F is given by (3.13). On the other hand,
HF low= 1 f llow + 44o(Vo+ D2 ||t o0 + 84/ Vo + VDI Mt
+ 4K Vo + VI | VVu 00
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where

Ay = muax Il g lto.o-

Now, choosing
n = 80(4oK; + 24, + Ko)[1 — 4V Ky/(8* + 64K)]
and recalling (3.8) we obtain

[ 2100
,

Vil oo+ 14— @ 0

(3.149)  +|A— w4 || 64 o

1/2
Skl flawt 107 (17 ou+ |[P21000]" | )+ kb i
J 1,00,

Now, suppose that the functions that appear in the left-hand side of (3.10)
attain their maximum at x;, i =1, 2, 3, 4. Then, repeating the previous
argument with x; = x;, we conclude that (3.10) holds with

Ws = Wy + 64(k5)2.

Finally, in case some of the above maximum points do not exist, one can still
obtain (3.10). In fact, one may apply the analysis above about points at which
the functions that appear in the left-hand side of (3.10) are arbitrarily close to
their suprema. O

We are ready to prove the main result of this section.

3.6. THEOREM. Assume (2.3)-(2.6) and let a; EC'(R"),. Let V(x)= 1 bea
differentiable function on R" satisfying

[DV(x)| = o([V ().
IfRe A = ws, then the equation
(A —E)u=fEL>R")
has a unique solution u € C'(R*, \/I_/) N HYR™),o.. Moreover, (3.10) holds.

PrOOF. Let ny € C°(R") be a cut-off function such that 0 = ny = 1, gy =1
on B(0, N), ny=0 out of B(0, 2N) and define

Xy = u(xX)x + N(1 = nu(x))x x|~
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Ey=Y a;(x)D; + P bj(xN)Dj —c(xy),
i j

Vi = V(xy).
Let uy € C'(R") N HY(R"),,. be a solution of the equation
(A — Ey)uy = fEL*R"), Relz o
Then, by Lemma 3.5,

[eziom]

1 Vil

+ 1A —s]"*(f uy |10 + | V'Vt flow) + 12— @s] || 4y flow = K3 1| S 0.0

Now, using some known compactness arguments (see e.g. the proof of
Theorem 1.4 in [5]), one can easily obtain the thesis. O

3.7. REMARK. As already noted in Remark 2.2 of [7], the above result
extends to more general weighted spaces. This generalization is very useful to
deal with stochastic partial differential equations (see [6], [7]). Let 7 be a twice
differentiable function on R” satisfying

(3.15) 31D+ T 1Dy (x)] = o(V(x))
J y

and define
II(x) = exp[n(x)].

If T1f€ L>(R"), then (3.10) holds replacing u by ITu.

4. Generation in L'(R")

In this section we consider operators in divergence form

Au= }_‘, D;(aDu).+ 2 bDu — cu.

We assume that V(x) = 1 is a differentiable function on R” satisfying
(4.1) | DV(x)| = o([V(x)]**)

and a;, b; and c satisfy (2.3)~(2.6). We also suppose that a;, b; and c are
differentiable on R” and
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4.2) D, DbV, Dyc/V*ECR?),,

4.3) Db =o(V), Dic=o(V™),

foralli,j,k=1,...,n.
A first generation result is the following.

4.1. LEMMA. Assume (4.1), (4.2), (4.3) and (2.3)-(2.6). There exists a
constant kg, independent of the derivatives of the coefficients, and wsER such
that for Re A = wq the equation

(A —A)u = fEL'R")
has a unique solution u € L\(R") and
4.4 14— o) | 4 lon = ksl fHlon

Notice that, as in the previous section, @y is the only constant depending on
the derivatives of the coefficients.

ProoF. Let

A*w =Y Di(a;D;w) — ¥ Di(bw) — cw
i j

=Aw+ ‘,? (Da;)Diw — (? Djb,) w.

Then, from Theorem 3.6 it follows that 4* and A generate an analytic
semigroup on L*(R") and so the equation

(A —A¥w =9EL"R"), Rel=ws

has a unique solution w € D(4*). Moreover, w satisfies
A—Aw=9¢+ E (Dja;)Dw — (Z Djb,-) 1%
¥ J
and so, by (3.10),

172
[rziowe|"| + 17w bt 12— 1w s
j ,00

4.5)
+1A—ws| [Wlow=k;

o +3 (DD - <§ D,.b,.) W

0,00
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where k;, associated to 4, is independent of the derivatives of the coefficients.
Furthermore, by (4.2) and (4.3),

(4.6)

2 DD — (Sp)w| S kl1what e 1w o+ W o)
L} J ,0

for each ¢ > 0. From (4.5) and (4.6) we conclude that, if

E= 1/(2k3k4), Rel = We = W5 + 2k3k4(2k3k4 + k,),

then

. + VW flow + 14 — s w I 1,00v7
, 00

” [VE |Djwlz}”z

4.7
@D A= g W llow = 2K 19 o

Now, we can apply the method of Section 7.3 in [16] to obtain

| # lo, = sup { f u(x)p(x)dx : ¢ has compact support and || ¢ [|o. = l}
@48) =sup { f u(h ~ A*)wdx : w € D(4*) satisfies (4.7), || ¢ lo.0 < 1}

=sup { f (A — A)uwdx : w € L*(R") satisfies (4.7), || @ |lo = l} .

in particular,

| 4 llos = 2k3)A — sl ™' || (A — A)u |los
So, (A — A) is an injective operator with closed range in L'(R") and (4.4) holds.
The proof will thus be complete if we show that the range of (A — 4) contains

the space of functions ¢ € L*(R") with compact support, which is dense in
L'(R™). Indeed, for such a function ¢ we have that

Mg €EL*(R") where II(x) =expv/1 + |x |2

Now, since n(x) =1+ |x|? satisfies (3.15), by Remark 3.7 the equation
(A — A)v = ¢ has a (unique) solution v such that

v €C'(R", VV) N HA(R),,..
Therefore, vE{w EL'(R"). AwE L'(R")} and ¢ is in the range of (A —4). O
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We now give two intermediate results.

4.2. LEMMA. Assume(4.1),(4.2),(4.3) and (2.3)-(2.6). There exists k, > 0,
which does not depend on the derivatives of the coefficients a;, b; and c, and
W, = wg such that for Re A = w,; the solution u € L'(R") of the equation
(A — A)u = f, where f€ L°(R") has compact support, satisfies

| Vi o + 14 — gl [ V/Vut floa S K I S lloa + 12¢1)
172
j 0,1

PrROOF. Arguing as we did to obtain (4.8), it follows that

(4.9)
+27!

Il Vu |lo1 =sup {f Vu(A — A*)wdx : w € D(A*) satisfies (4.7), || @ [loo = 1}»

=sup {f (A — AXVu)wdx : w € L>(R") satisfies (4.7), || ¢ oo = l}.

Now,
f(l — A)Vu)wdx = f Vw(A — A)udx — f w Y, a;DjuD;Vdx
if
+ f 2 aijuDjVDinx - f Z b,uDJVde
] j
and so, recalling (4.1) and (4.7), we have, by standard computations,

?

172
I i o S KOS Naa + ) +27 | [ V21D
J

the remainder of estimate (4.9) may be proved by a similar argument. O

4.3. LEMMA. Assume (4.1),(4.2), (4.3) and (2.3)-(2.6). There exists k; > 0,
which does not depend on the derivatives of the coefficients a;, b; and c, and
W = W, such that for Re A = w; the solution u€L'(R") of the equation
(A — A)u = f, where f€ C'(R") has compact support, satisfies

(4.10) “[ijwjuv]m

ot + |4 —w6|”2|u|,,, =k ||f||o,1-

PrROOF. Arguing as in the previous proof we conclude that, for any
s=1,...,n,
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| Dt || o,

=sup {f DA — A*)wdx : w E D(4*) satisfies (4.7), || ¢ [lo0 = 1}

=sup {f w(A — A)Dudx : w € C'(R") satisfies (4.7), | ¢ o = 1}.

Now,

f w(A — A)Dudx = — f Dw(A — A)udx — f Y, Da,DuDwdx
i

+ f 2. DbDjuwdx — f Dycuwdx.
j

Thus, recalling (4.1), (4.2), (4.3) and (4.7) we obtain the “second half” of the
desired inequality; the “first half” may be proved in the same way. a

4.4. THEOREM. Assume (4.1) and (2.3)-(2.6). Let a; EC'(R"),. There
exists ky > 0, which does not depend on the derivatives of the coefficients a;, and
woER such that for Re A = w, the equation

(A — A)u = fEL'(R")

has a unique solution u € L'(R") and

12
|[Pziour] ™|+ v+ 12— a2
7 s

4.11
@D = oo w14 — w0l [ flos =Ko Il F o

ProOOF. From Lemmas 4.1, 4.2 and 4.3 we have that the conclusion
of Theorem 4.4 holds under the additional conditions (4.2), (4.3) and
assuming fE€C'R") with compact support. One can easily remove the
last extra-hypothesis by an approximation procedure. As for (4.2), (4.3),
we can use standard contraction techniques in the Banach space
{uEH"‘(R",«/I-/):\/I_/u EH"‘(R",\/I_/)} (see the proof of Theorem 1.2
in [5]). a

The previous result may be extended to weighted L' spaces (see
Remark 3.7).
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5. Generation in L’(R"), 1 < p < o0
We consider an operator E of the form

Eu=7YaDju+ 3 bDu —cu.
i j

The following result may be easily deduced from Theorems 3.6 and 4.4.

5.1. LEMMA. Assume (4.1) and (2.3)-(2.6). Let a; € C'(R"),. There exists
ko> 0, which does not depend on the derivatives of the coefficients a;, and
@0 ER such that for Re A = w,, the equation

(A —E)u=feL’R"), I<p<+w
has a unique solution u € H"*(R", V'V) and
G.D Nullgpw+ 14— Wil e flpvm + 12— @il §ullo, kol f"O,p'

Proor. From Theorems 3.6 and 4.4, via the Riesz-Thorin Interpolation
Theorem, we obtain the existence and uniqueness of the solution u €
H"“*(R", +/V) and the estimate

|lrzomr]”

T 1Vl + 12— 0l |V o,
\P

5.2
(5-2) + |4 —wml“ziuh,p + [A — Wyl | u "0,p =k "f"o,p~

In order to recover the full estimate (5.1), we merely need to apply standard
regularity results to the equation

2 a,}D,ju = f_‘ 2 biju + (C e l)u ELP(R”)_ O

The assumption a; € C'(R"), in Lemma 5.1 may be removed by the contrac-
tion technique of [}, as we have already done in the previous section. We can
therefore state the resulting generation Theorem.

5.2. THEOREM. Assume (4.1) and (2.3)-(2.6). There exists k;; > 0, which
does not depend on the derivatives of the coefficients a;, and w,;; € R such that for
Re A = w,, the equation

(A—Eu=fELP®"), 1<p<+wm
has a unique solution u € H"»(R", \/;') and

N llopy + 1A =0l full 12—yl flu oo =&t ll £ llo,-
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The previous result may be extended to weighted L? spaces (see Remark
3.7.
6. Application to parabolic equations
In this section we use our generation resuits to study the Cauchy problem
u,— E(t)u = fEL*(0, T; LY(R")),
(6.1) 4(0) =0,

where p, ¢ > 1 and
E(t)=Y ay(t,x)Dyu + X, b;(t, x)Dju — c(t, x)u.
i j

We suppose, for simplicity, that ¥(x) = 1 has linear growth as in (2.2) and we
assume that operators E(t) satisfy the following conditions uniformly for
t€[0, T

(6.2) zaij(t’ x)&& zv|E3
i

(6.3) 2 1bi(t, x)|* = vaB?V(x),

j
for some constants v > 0 and B €0, 2[ and
6.4 c(t, x) = aft, x)V(x) + B(¢, x)
with o, BE C([0, T} X R"),, at, X) Z ay> 0. Moreover, we assume that
6.5  a;, bV, cIVEC(IO, TIXR",, Vij=1,...,n.

If feL?([0, T] X R"), then one can see [13] for a detailed analysis of
problem (6.1) when E(¢) has bounded coefficients.

The case of unbounded coefficients has been treated by several authors, such
as EideI’'mann [10]. The case of f€ L?(0, T; L(R2)), where Q is a bounded
domain, has also been studied by von Wahl [18]. The approach we give below
is, however, very different from the one of [18].

6.1. THEOREM. Assume (2.2) and (6.2)-(6.5). Then there exists a unique
solution u of problem (6.1) such that

w €L?(0, T; L*R*)), u€L?(0, T; H(R", V).
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Moreover

T T
(6) bt g sk 18,

Proor. We split the proof of Theorem 6.1 in a few steps. To begin with, we
note that for p = q =2 the proof is standard via Fourier Transform with
respect to  (see e.g. Theorem 3.2 of [14]). Moreover, one can extend this result
to the weighted spaces considered in Remark 3.7: if

n{x) = In[I1(x)]
satisfies (3.15) and If€L0, T; L%R")), then problem (6.1) has a unique

solution # and

T s
6 [ g+ ymw pzode sk [ g,

Next, let 2 < p =¢ <2*=2n/(n — 2). Then, to localize our problem let
{xnx}nz1 be a sequence of points with integer coordinates in R” such that
U v B(xy, vn ) covers R” and let 8y € C2(R") be a cut-off function such that
0<6=1,60=1o0n B(xy, vn), =0 out of B(xy, 2v/n) and | D0y | = k for
|a} =2 and N = 1. Obviously, uy = yu is a solution of the problem

(un) — E(t)uy = gnEL"(0, T; L*(R")),

©63) y(0) = 0,

where

(6.9) ev=0yf— 2 a;(2DuD,By + uD6y) — ¥, buD,6y.
i J

Now, using the homothetical transformation x —xv/¥(xy) and recalling
(2.15), we can turn problem (6.8) into a problem with uniformly bounded
coefficients and then obtain

T T
©10) [ ChG 18 + N 8t <k [ g Ut

where k is, of course, independent of N. Thus, by the Sobolev Theorem, from
(6.9) and (6.10) we conclude that

T T
G108, + Wt W) S [ CHOLHG, + e N2
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Next, to estimate the right-hand side of (6.11), we consider a weight function
NeC*R*) suchthat 0 <M =1 and

M=1 onB(0,2vn), Tix)=exp(—v1+ |x[?) outof B(O,3vn).
Obviously, Iy(x) =TI(x — xy) is an admissible weight for E(¢) and so from

(6.7) we derive

6.12) INL I N L T
Moreover, by Holder’s inequality.

613 NS llo= | VIIuS oy 1Tk llog =k, | VITaS llo,
where ¢ = p/(p — 2). But

(6.14) N un Loy =k || Tyt |20

So, (6.11)~(6.14) yield

T 14 P T p 14
©15) [ ) U3y + N D)t Sk [ Q0SNG + IS 1)t

Adding together estimates (6.15), we obtain (6.6) for 2 < p =g < 2%,

Now, if 2*¥*< p =¢q <2** we repeat the argument above. Theorefore,
iterating the previous procedure we prove (6.6) in the case of p = g = 2.

Also, the case of 1 < p = ¢ < 2 may be treated by known duality techniques,
that we will not repeat here.

Finally, the general case 1 <p, ¢ <oo follows from what we have just
proved via the result of [4]. O

Using the same technique, one can also treat non-zero initial data from a
suitable interpolation space.
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