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ABSTRACT 

Strongly elliptic differential operators with (possibly) unbounded lower order 
coefficients are shown to generate analytic semigroups of linear operators on 
L~(R"), l < p < ~.  An explicit characterization of the domain is given for 
1 < p < ~.  An application to parabolic problems is also included. 

1. Introduction and notation 

This paper is concerned with the analysis of some spectral properties of 
second order elliptic operators 

EU = ~ arflg,ju + Y. bflgju - cu, 
ij j 

where a o, bj, c are real-valued functions defined on R". The (possible) growth 
of the coefficients of E will be referred to a differentiable function V(x) >- 1 
such that 

(1.1) I DV(x)I = o([ V(x)] m) 

(here and in the sequel, by f =  o(q) we mean that for any e > 0 there exists k~ 
such that If(x) I < eg(x) + k~). In fact, we will impose conditions of the form 

a~j, bflv/-V, c IViC(R") , , ,  V i , j  = 1 , . . . ,  n, 
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where C(R~)u (resp. C(R")) denotes the space of  uniformly continuous (resp. 
continuous) bounded functions defined on R n. 

The spectral properties we are concerned with are estimates that imply the 
generation of analytic semigroups in LP(Rn), 1 < p < oo. Moreover, these 
estimates give a characterization of  the domain of  E in the case of  1 < p < ~ .  

Similar problems have been studied by many authors. As for the case of 
1 < p < ~ ,  Agmon [ 1] studied operators defined on bounded domains (for 
this case see also [3]). Higouchi [ 12] and Freeman and Schechter [ 1 ] proved L p 
estimates for operators with uniformly bounded coefficients. For operators 
with bounded coefficients, generation in L 1 was treated by Amann [2] and Pazy 
[16]; Davies and Simon [9], Davies [8] and Voigt [17] analyzed Schroedinger 
operators with unbounded potential term. 

Generation results in different topologies, such as the Holder topology, are 
proved in [5] under stronger assumptions on V. 

We note that, if one is just interested in the semigroup generation, then one 
may assume less restrictive conditions than (1.1) (see for instance [ 15] where c 

is supposed to be bounded below; see also Section 2 of [5]). 
The plan of  the paper is the following: in Section 2 we obtain a preliminary 

result in L p, that we apply to get the generation theorem in the uniform 
topology (see Section 3). Then, by duality techniques, the L l estimates follow 
in Section 4. Thus, by interpolating between L 1 and L ~, we obtain the L p 
estimates under general assumptions (see Section 5). Finally, in Section 6 of  
this paper we use a maximal regularity result for the abstract Cauchy problem 
to study a parabolic equation with right-hand side in LP(0, T; Lq(Rn)). 

We conclude this section introducing the main notation of  the paper. If  
x0 ~ R ~ and r > 0 we set 

B(xo, r) = {xER"  :Ix - x0[ < r } .  

Let V(x) > 1 be a measurable function and 1 < p < oo. For j = 0, 1, 2 we 
denote by HJ'P(R ", V) the space of  functions u such that 

-~ ~ f l/'tJ-lal)t~/2lO#u IPdx < d- II U o0. 
I#1 __<j .JR" 

For simplicity, we drop the subscript or superscript p when p = 2. 
With a slight abuse of notation, we denote by Ct(R ~, 1I) the space of  

functions u such that 

Diu, Vu E C(R ~), V i = 1 . . . . .  n 
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and set 

[]~" 1112 0,oo Ilull,, ,v=luh, + IIVull0, , luh, -- I D j u l  2 , 

II u II0,  = s u p  lu(x)l. xeR n 

For the sake of  brevity, in all the notation above we omit  specifying the weight 

Vi f  V-----1. Furthermore, we set 

Cl(Rn)u = {u ~ C(R"),, : Diu ~ C(R")u, Vi = 1 , . . . ,  n}. 

2. A preliminary result in Lv(Rn), 2 < p < oo 

We consider an elliptic operator 

(2.1) E u  = Y. ai~iju + Y~ b:,Dju - cu 
ij j 

where a o, bj, c are real-valued functions defined on R ~ . In this section we will 
refer the growth of the coefficients of E to a differentiable function V ( x )  > 1 

such that 

(2.2) I D V ( x ) I  < k V ( x ) ,  V x E R "  

for some constant k > 0. In fact, we assume that 

(2.3) aij, bJv/ -V,  c / V E C ( R ~ ) , , ,  V i , j  = 1 . . . .  , n .  

In particular, we suppose that 

(2.4) c ( x ) = a ( x ) V ( x ) + f l ( x ) ,  V x E R "  

where a, fl ~ C(Rn),,, a(x) >_- a 0 >  0, and that E is uniformly elliptic, i.e. 

(2.5) ~ , a i j ( x ) ~ i ~ j > v l ~ ]  2 , Vx,  ~ R  ~ 
ij 

for some constant v > 0. Finally, we assume that 

(2.6) ~, [bj(x)[2 __< W o B 2 V ( x ) ,  V x  E R  n 
J 

for some constant B ~ [0, 2[. 
Under  the assumptions above, it is known that operator E is the infinitesi- 

mal generator of  an analytic semigroup on both L2(R n) and L®(Rn), see 
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Theorems 1.2 and 1.4 in [5]. In particular, there exists o91 ~ R  such that, if2 ~ C  
and Re 2 > tot, then for each fEL2(R  ") the equation 

(2.7) (2 - E)u = f 

has a unique solution u ~ H2(R ", V) and 

(2.8) Ilull2,v+12-oglltallullt,c~ +12-og~l llullo <=kllfllo 

Moreover, i f fEL~(R") ,  then there exists o92 > ogt such that for any 2 E C  

satisfying Re 2 > o92 equation (2.7) has a unique solution u ~ Ct(R ", ~--V) tq 
H2(R ")lo~ and 

(2.9) 1 2 -  o9211a [I u 111,~,¢'~ + 1 2 -  o92111ullo,~<=kllfllo,~. 

We now want to show a similar result in the L p case. 

2.1. THV.ORF.M. Assume (2.2)-(2.6) and let a~j ~ C ~ (R n),,. There exists ~ E 

R such that, if  Re2  >-o93, then for each fEL°(R") ,  2 < p  < + m, equation 

(2.7) has a unique solution u EH~,P(R ", x/--V) tq H2(R")t~ and 

(2.10) II Vu IIo.~ + 12 - o9,1 ''2 II u II,.~.~ + 12 - o9~I U u Iio.. < k II fllo., 

where k is independent of the derivatives of the coefficients a~j, as well as of p and 
2 .  

PROOF. 

and set 

(2.11) 

Consider the operator in divergence form 

E . u  = Y~ Di(ac:Dju) - Y~ (Dia~j)(Dju) + Y. b:,Dju - cu 
ij q 

A = max II a~j 1[ ,.®" (/ 

By interpolating between (2.8) and (2.9) it follows that, if Re 2 > o92, then for 
each p E ]2, + m [ the equation 

(2 -- E,)u = fELP(R ") 

has a unique solution u EH~'P(R ", ~'--V) N H2(R")~ and 

(2.12) 12 - o931 'a II u I 1 , , . ~  + 12 - o931 II u IIo,. --< k {I f Ii0,.- 

Let now {xN}u> t be the sequence of points with integer coordinates in R" so 
that UN B(xN, v/n)  covers R" and 0u ~ C~(R ") be a cut-off function such that 
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O<ON < 1, ON=---1 onB(XN, V/n), ON~-Oout of B(XN, 2V~n) and [D~ON[ <k 
for I~l --< 2 and N >= 1. Obviously, UN = 0~U is a solution of the equations 

(2 - E)UN = g~: and (2 - E.)UN = gN 

where, in view of (2.12), 

(2.13) gN = ON f--  Y~ aij(2D,uDflN + uDuOs) - Y~ bjuDflN E LP(R n). 
ij j 

Therefore, we can derive L p estimates by Pazy's technique. Define 

u* = [UNIP-211N~HI'q(R ~, x/V) where q = ( p  - 1)/p 

(in the sequel we omit the subscript N to abbreviate the notation). Then 

: .  (2 - E,)u u*dX = :R ~, a~jDjuDiu*dx + : ,  ~ D~ac/Dju u* 

- L ~ , b ~ j u u * d x + ~ ( c  + 2)u u*dx. 

Now, arguing as in [ 16] (p. 215), 

Re :R. ~ aijDiuDiu*dx >-_ v ~ .  Y, IDju l21u lp-2dx. 

Moreover, recalling (2.6) and (2.12), 

~ Y~lbflgjuu*ldx < vB/2 ~ Y~lDjul2lul'-2dx + B/2 L VIuIPdx, 

L ~lD,a,:,D, uu*ldx <=kA : .  lulPdx +(l/2-B/4)v : .  Y~lDiul2lulp-2dx. 

Therefore, choosing 

(2.14) 

we obtain 

t,03 ---- tO2 "~- 2 k  A + 1 

r I gu* I dx > Re :a" (~ - E,)u u*dx 

> (1/2 - B/4)v :R. Y~IDju j2[u Iv-2dx 

+ (l - B/2) :r Vlu l'dx + :rlulPdx 
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and so 

f L. (2.15) nn IgN I lUNIP-~dx >(1 - B I 2 )  VlUNIPdx. 

Now, notice that (2.2) implies that 

(2.16) V(x)<lzV(y) for I x - y l  < 4 v ~  

for some constant # > 0. Then, (2.15) and (2.16) yield, for any N > 1, 

II g~ IIo,,( II u~ IIo,Y -1>  (1 --B/2)lt-IV(XN)( l[ UN IIo, Y .  

Hence 

II g~ II o,, ->- ( 1 - B/2)~ - '  V(x,,) II u~ II o,, >-- (1 - B/2)~ - 2 II gu,, II o,, 

and finally 

L [VulPdx<:. ~[VUNlPdx<l t2p(1-B/2) -p: .  ~,gNlPdx. 
s s N s N 

Thus, (2.1 0) follows from the last inequality and from (2.12). [] 

3. Generation in L~(R n) 

Using estimate (2.10), we can improve the bound in the uniform norm 
obtained in Section 5 of [7]. Let o93 be the number given by Theorem 2.1. 

3.1. L~MMA. Assume (2.2)-(2.6) and let a,~ ECI(Rn)~. I f R e 2  > oh, then, 
for each fEL~(R~), equation (2.7) has a unique solution u E CI(R n, ~r-v) f3 
H2(R")lo¢ and 

(3.1) 1A-o~311/2 II u II1,~,¢~+ 12-co3111ullo,®<=klllfllo,®, 

(3.2) II vu II 0,~ --< kl II f II0,~, 

where k~ is independent of 2, as well as of  the derivatives of  the coefficients a~j. 

PROOF. We merely need to prove the bound (3.2), which is not contained 
in [5]. From (2.10) it follows that (3.2) holds i f f ~ L r ( R  ~) f~ L®(R ~) for some 
p E ]2, + ~[ .  In the general case, let r/~ E C®(R ~) be a cut-off function such that 
0 _-< r/=< 1, r / ~  1 on B(0, N), r / ~  0 out of B(0, 2N) and define u~ ffi r/NU. Then, 
(2 - E)uN = gl~ ~ L  ®(R~), where 

gN = riM f - -  Y~ a~j(2DiuDjrlN + uD~jrIN) -- ~ bjuD:lN 
o J 
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has compact support. Then, by (3.1), 

II VuN II o,~ --< k II g~ II o,® ---< k '  I I f  II o,® 

which in turn implies (3.2). Notice that, as in Theorem 2.1, oh is the only 
constant depending on the derivatives of the coefficients (see (2.14)). D 

3.2. L~MMx. Under the assumptions of Lemma 3.1 

(3.3) V IDju I ~ < k~ II fllo,® 

where k2 is independent of 2, as well as of the derivatives of the coeffzcients a o. 

PROOF. Suppose first that x is such that 

[ : . o ,u  0 . 

Then, arguing as in the proof of Lemma 5.1 in [51, it follows that for any a > 0 
there exists ko > 0 such that 

r -  i [ U [I,®,atx:/2) 

ko(t7 + kog-lV(x,)-'/2)( II f IIo,® + : 2  II u IIo,®~,x,,)+ r-llu h,oo,B(x,r),vFv) 

for any r > 0. Here ko is a constant, independent of  a and 2, and 

II u IIo,~mt~,r~ = sup l u ( x ) l  
xEB(x,r) 

(we have defined I u h,®m(~,r/2) and I u h,®m~,,/2).,~ accordingly). Now, choose 

o = 1/(4kog2), r = koo-lV(x) -m/2 

where p is the constant that appears in (2.16). By (2.16) and the last inequality 
we obtain 

(4k°ka/'/3)-I [V~ID~u[2] u2 o, oo 

[ ----< (292) - '  II fl[o,® + II Vu IIo,~ + (4kokog) -m g [Dju 12j 

The last inequality and (3.2) imply (3.3). 
Next, assume that vfVuECl(Rn).  Then, one may repeat the previous 
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argument about a point x such that [ V(x) Zj [Dju(x)]2] 1/2 is arbitrarily close to 

II [ v y j  IDju [2] 1/2 I10,~ and (3.3) follows again. 
The general case may be treated using the analysis above and the approxima- 

tion procedure contained in the proof  of Theorem 1.4 in [5]. [] 

Let us now consider the following perturbations of operator E: 

(3.4) ff.u = Eu + Y~ ~jDju + 3u. 
J 

The following result is a trivial consequence of Lemmas 3.1 and 3.2. 

3.3. LEMMA. Assume (2.2)-(2.6) and let ai>.~Ct(Rn),,, ~ ,~EL®(Rn) .  

There exists ~ > 0 such that, i f  

(3.5) I/~l _-<d~v~+/,f, Igl <~V+g withI~ > I 

and i f  u ~ C~(R ~, v/V) ~ H2(R~)lo¢ is a solution of  the equation 

(2 - E)u = f E L ~ ( R  ~) 

with Re 2 > 094 = o93 + 2/~, then 

2]1/2 
+ II Vu IIo,~ + 14 - co, ] ''2 II u II ,,~,,,~ V~lO, ul ] o,~ 

(3.6) 
+ IA-o941 Ilu II0,~--< k2 Ilfll0,~. 

We now state an estimate which is useful when dealing with functions V 
satisfying more general growth conditions than (2.2). 

3.4. LEMMA. Let V(x) >= 1 be a differentiable function on R" satisfying 

(3.7) IDV(x)I ~ r[V(x) d- ]"]312, V x ~ R "  

for some constants ~,, F > O. Then, W h ~ R ~ such that I h I < 2/7 ~/V(x  ) + F, 

[V(x)+F] 7lhl~/V(x)+r+ 2 -1  

(3.8) 

<-N V(x + h) - V(x) <~ [V(x) + r ]  , /v + r - 2 - 1 . 

We omit  the standard proof  of the previous Lemma. 
Next, we turn to the analogue of  the bounds (3.1), (3.2), (3.3). 
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3.5. LEMMA. Assume (2.3)-(2.6) and let aoECl(R"), .  Let V ( x ) ~  l be a 

differentiable function on R" satisfying 

(3.9) I D V(x) I = o([ V(x)l 3/2). 

There exists m , ~ R  such that, i f  u ~ C'(Rn, ~-V) ~ H2(Rn)~o~ is a solution o f  the 

equation 

(a - E)u = fEL°~(R ") 

with Re 2 >_- tos, then 

~ ] 1/2 0,oo V I Dju 12 + II Vu II o.~ + I,t - co~ I ''2 II u I I , . ~ :  

(3.10) 
+ IA - co, I II u IIo,~ --< k3 II f l lo ,~  

where k3 is independent o f  2, as well as of  the derivatives o f  the coefficients a o. 

PROOF. Let Xo E Rn and set Vo = V(xo). Let r />  0 be a number that will be 
fixed in the sequel. Define 

Ko = max{ l ,  II a IIo.~ + II/~ IIo.~ + vv4-L-~oS} 
and 

Eou = Y, ao(x)Diju + E bAxo)Diu - C(Xo)U 
ij j 

where a, ,~, v, ao, B are the same as in (2.4), (2.5), (2.6). Let '~o> 0 be the 
number given by Lemma 3.3 for operator Eo. We set 

(3.11) 7 = q-~[l - 8~/Ko/(t~ 2 + 64Ko)]. 

From condition (3.9) it follows that there exists F > 0 such that 

(3.12) IDV(x)l < ~[V(x) + IF'] 3/2, Vx ~Rn. 

Let r = r//v/Voo + F and 0 be a cut-off function such that 

0 < 0  <1, O==-lonB(xo, r), O=--OoutofB(xo, 2r), 

[D"OI < (2r//C~o + D I"l, lal < 2 .  

We denote by Is(x) the characteristic function of a set B. Define 

~(x) = [bj(x) - bj(xo)] ls(~o,z,)(x) and e(x) = [c(x) - C(Xo)] ls~2,)(x). 
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If we set, as in (3.4), 

then 

(3.13) 

:,oU = Eou + Y. Gpju - eu, 

(it -/~oX0u) ffi Of- ~, ao(2D~uDsO + uDoO) - • bsuDsO ffi F. 
t1 J 

Now, notice that F in (3.12) may be chosen so that E0 satisfies condition (3.5) 
of Lemma 3.3. Indeed, from (2.3), (2.4) and (2.6) it follows that 

Ic(x)/V(x)l + [~ l  bs(x)12/V(x)] 'a <- - Ko 

and 

i c(x) c(r) I bs(x) 
v(x) V(;) veW  --< c o ( I x - y l )  

where co(t) >_ 0 is non-decreasing and limtto co(t) ffi 0. Therefore, 

IcY(x)l --< co(2r//v/-~o + I')Vo + Ko(Vo + DI0 ' r / -  1) -5 - 1], 

I ~(x)l  _-< co(2~7/~ + Dcr'voo + ~('¢r~o + -V~')tO, r / -  1) - 5 -  1] 'a, 

and so, choosing F~ such that 

co(2~//v~) < 6o/4, 

recalling (3.11) we have, for F > F,, 

le(x)l <6oVo/2+r6d2 and I~(x)l <6ov/vd2+~o/2. 

Next, from I.emma 3.3 we conclude that, if Re it > co4, then 

Vo IDs(0u)l 2 + IIVo0ullo,®+lit-co4l'allOull,,®,¢-¢, 

+ lit - co, III 0u Ilo,® --< ks II F Ilo,®, 

where F is given by (3.13). On the other hand, 

II F IIo,~ --< II fllo,® + 4Ao(Vo + r3,s -2 U u IIo,® + 8Ao(v~o + ~ - D ~ - '  t u h,® 

+ 4Ko(v/Voo + ~-lD,l- '  II vZVu IIo,® 
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where 

Now, choosing 

Ao = max II ao IIo.~. 
ij 

t /=  80(AoK2 + 2Ao + Ko)[1 - 4~/Ko/(d 2 + 64Ko)1 

and recalling (3.8) we obtain 

l 

(3.14) + 12 -to41 II Ou ]1o,® 

( < k4 II f II o,® + 10-'  [I Vu U o,® + V I Din 12 + g II u I1~,®,¢~. 
0,oo 

Now, suppose that the functions that appear in the left-hand side of (3.10) 
attain their maximum at x~, i - - 1 ,  2, 3, 4. Then, repeating the previous 
argument with x0 = x~, we conclude that (3.10) holds with 

COs = CO4 + 64(ks) 2. 

Finally, in case some of the above maximum points do not exist, one can still 
obtain (3.10). In fact, one may apply the analysis above about points at which 
the functions that appear in the left-hand side of (3.10) are arbitrarily close to 
their suprema. [] 

We are ready to prove the main result of this section. 

3.6. THEOREM. Assume (2.3)-(2.6) and let ~j E Ct(R ")u. Let V(x) > 1 be a 
differentiable function on R ~ satisfying 

[DV(x)[ -- o([V(x)]3/2). 

I f  Re 2 >-_ COs, then the equation 

(2 - E)u = fEL®(R n) 

has a unique solution u E CI(R n, v/--V) N H2(R')lo~. Moreover, (3.10) holds. 

PROOF. Let ~/NE C®(R ") be a cut-offfunction such that 0 _-<_ ~/N < I, ~/N = l 
on B(0, N), r/~0 out of B(0, 2N) and define 

xN = tl~(x)x +N(1 -- qN(X))X lX l -~, 
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E~¢ = £ ao (x )D  o + £ bj(xN)Dj - c(x~¢), 
6 J 

vN = V(x,,). 

Let uu E C~(R ") ¢3 H2(R")lo~ be a solution of the equation 

(2 - Eu)uu  = f~L~(R") ,  Re ;L > r.o 5. 

Then, by Lemma 3.5, 

[ V~]~lDju~l  2 + II V,,u~ [Io.~ 
j 0,oo 

+ Ix - co~1"2( II u~ II ,,~ + II v/-F~u~ II o,~) ÷ I A - ~o~ I II u~ II o,~ =< k3 l] f II o,~. 

Now, using some known compactness arguments (see e.g. the proof of 
Theorem 1.4 in [5]), one can easily obtain the thesis. [] 

3.7. REMARK. As already noted in Remark 2.2 of [7], the above result 
extends to more general weighted spaces. This generalization is very useful to 
deal with stochastic partial differential equations (see [6], [7]). Let 2t be a twice 
differentiable function on R n satisfying 

(3.15) Y, [D?t(x)l 2 + ~ IDdt(x)[ = o ( V ( x ) )  
J 0 

and define 

II(x) = exp[Tt(x)]. 

IfHf~L°°(Rn),  then (3.10) holds replacing u by IIu. 

4. Generation in LI(R ") 

In this section we consider operators in divergence form 

A u  = • D, (ar~ ju) .+  ~ bjDju - cu. 
U J 

We assume that V(x) >_ 1 is a differentiable function on R n satisfying 

(4.1) I D V(x)[ = o([ V(x)] 3,2) 

and ao, bj and c satisfy (2.3)-(2.6). We also suppose that ao, bj and c are 
differentiable on R n and 
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(4.2) D:ij, Dt.bJV, D:/V3/2EC(Rn)u, 

(4.3) Ddgj = o(V), D: = o(V3/2), 

for a l l i , j , k  = 1 , . . . , n .  
A first generation result is the following. 

4.1. LEMMA. Assume (4.1), (4.2), (4.3) and (2.3)-(2.6). There exists a 
constant k6, independent of the derivatives of the coefficients, and 096 ~ R such 
that for Re ;l >_- to6 the equation 

(2 --  A ) u  = f E L I ( R  n) 

has a unique solution u EL~(R n) and 

(4.4) 12 - oJ61 II u II0,, --< k6 II fll0,, .  

Notice that, as in the previous section, cos is the only constant depending on 
the derivatives of the coetficients. 

PROOF. Let 

A*w = Y~ Oj(ar~iW) - Y~ Oj(bjw) - cw 
ij j 

= Aw -t- ~ (Dja,j)D,w - ( ~ Djbj) 

Then, from Theorem 3.6 it follows that A* and .4 generate an analytic 
semigroup on L~(R ") and so the equation 

(2 - A * ) w  = ~ EL®(Rn), Re2  > cos 

has a unique solution w ~D(A*). Moreover, w satisfies 

(2 - .4)w = ~ + ~ (Dja°)D'w - ( ~ Djb') 

and so, by (3.10), 

v IDjwl 2 + II Vwl l0 ,~+  I ,~- tos l~ '2 l lwl l , ,~ ,¢~  

(4.5) 



248 P. CANNARSA AND V. VESPRI Isr. J. Math. 

where ks, associated to,4, is independent of the derivatives of the coefficients. 
Furthermore, by (4.2) and (4.3), 

I1 

for each e > 0. From (4.5) and (4.6) we conclude that, if 

~ = 1 / ( 2 k 3 k , ) ,  Re 2 e ~o~ = ~o, + 2k3k,(2k~k, + k,), 

t"21L v ID~wl 2 + llVwllo.®+12-co~l'211wll,,j-: 
0,oo 

(4.7) 
+ 14 - o~,i II w II0,® -< 2ks II ~ Iio,®. 

Now, we can apply the method of Section 7.3 in [16] to obtain 

11 u [[o., ffi sup { f  u(x)(a(x)dx: ,has compact support and 11,110,® < 1} 

(4.8) < s u p { f  u(2-A*)wdx:wED(A*)satisfies(4.7), 11~ 11o,® < 1} 

<sup { :  (2-A)uwdx:wEL®(R")satisfies (4.7), [1,]1 o,® ___< 1 }.  

in particular, 

II u Iio,, ---< 2k312 - co~l-' II (2 - A ) u  IIo:. 

So, (4 - A) is an injective operator with dosed range in LI(R ") and (4.4) holds. 
The proof will thus be complete if we show that the range of (4 - A) contains 
the space of functions ~ EL®(R ") with compact support, which is dense in 
L~(R"). Indeed, for such a function ~ we have that 

I'I~EL~(R ") where II(x) --- exp~/'l + Ix l ~ 

Now, since n (x )=  ~/1 + Ix l 2 satisfies (3.15), by Remark 3.7 the equation 
(4 - A)v -- ~ has a (unique) solution v such that 

IIv ~C~(R ", v/"F) N H2(R")~,¢. 

Therefore, vE{wELI(R"):AwELI(Rn)} and ~ is in the range of(2 -A). [] 

then 
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We now give two intermediate results. 

4.2. LW.MMA. Assume (4.1), (4.2), (4.3) and(2.3)-(2.6). There exists k7 > O, 
which does not depend on the derivatives of  the coefficients a U, by and c, and 
¢n7 >-_ to6 such that for Re A >_ in7 the solution u EL~(R n) of the equation 
(;t - A )u -- f ,  where f E L ~(R n) has compact support, satisfies 

II Vu II0,~ + iX - o~61 ~'2 II v ~ u  II0,, --< kT( II fll0,1 + [u h,i) 
(4.9) 

+ 2-~[[VY~lDjul21mll 
L j J II 0,1" 

PROOF. Arguing as we did to obtain (4.8), it follows that 

l[ Vu []o,l < s u p { f  Vu(;t-A*)wdx: wED(A*) satisfies (4.7), [[~ I]o, oo < 1} 

<sup  { f  (;t -A)(Vu)wdx:  w~L®(R ") satisfies (4.7), ][ ~ []o,® < 1}. 

NOW, 

and so, recalling (4.1) and (4.7), we have, by standard computations, 

I}Vui[o, ,<k(Ufl lo, ,+lul , . , )+2 - '  V IDjut 2 , 

the remainder of estimate (4.9) may be proved by a similar argument. [] 

4.3. L~MM^. Assume (4.1), (4.2), (4.3) and(2.3)-(2.6). There exists ks > O, 
which does not depend on the derivatives of  the coefficients ao, bj and c, and 
tos >-__ to7 such that for Re A _>- tos the solution u EL~(R n) of the equation 
(~ - A )u = f ,  where f ~ C~(R n) has compact support, satisfies 

] (4.10) V IDyul 2 + IA t/2 = -oJ61 luh,~ <ksllfllo,,. 
0,1 

PROOF. Arguing as in the previous proof we conclude that, for any 
S---- 1 , . . . , n ,  
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II O,u II o,, 

=<sup {f D,u(~-A*)wdxwED(A*)satisfies(4.7), II~' IIo,~- -< 1} 

__<sup{f w(Z-A)D,udx" wEC'(R")satisfies(4.7), II ~p IIo,~_- < 1}. 

Now, 

~ w(2 - A)Dsudx = - ~ D~w(A - A)udx - f ~ D~aijDjuD~wdx 

+ f ~ Dsb:j)juwdx - ~ D~cuwdx. 

Thus, recalling (4.1), (4.2), (4.3) and (4.7) we obtain the "second half' of the 
desired inequality; the "first half" may be proved in the same way. El 

4.4. Tm~OREM. Assume (4.1) and (2.3)-(2.6). Let a~jECI(R"),,. There 
exists k9 > O, which does not depend on the derivatives of the coefficients a~j, and 
0)9 E R such that for Re 2 >= 0)9 the equation 

(2 - A)u = f~LI (R  ") 

has a unique solution u EL~(R ") and 

i[v  o+,, vu 
(4.11) 

"3t- t A - -  0)911121 u 113 -~- I A - -  o)91 Ii u IIo,, --< ~ II fllo,,. 

PROOF. From Lemmas 4.1, 4.2 and 4.3 we have that the conclusion 
of Theorem 4.4 holds under the additional conditions (4.2), (4.3) and 
assuming fECt(R ") with compact support. One can easily remove the 
last extra-hypothesis by an approximation procedure. As for (4.2), (4.3), 
we can use standard contraction techniques in the Banach space 
{uff.H~,~(R",~-V)'v/-Vu~.HI,~(R ", v/V)} (see the proof of Theorem 1.2 
in [5]). El 

The previous result may be extended to weighted L t spaces (see 
Remark 3.7). 
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5. Generation in LP(R"), 1 < p < oo 

We consider an operator E of the form 

Eu = ~ a,jD,ju + ~ byDju - cu. 
ij j 

The following result may be easily deduced from Theorems 3.6 and 4.4. 

5.1. LEMMA. Assume (4.1) and (2.3)-(2.6). Let a~j ~C~(Rn)u. There exists 

k~o > O, which does not depend on the derivatives o f  the coefficients aij, and 

OhoER such that for Re 2 > O91o the equation 

(2 - E)u = f~LP(R") ,  1 < p < + oo 

has a unique solution u ~H~,P(R ", ~/-V) and 

(5 . I )  It u 112,,,v + 12 - ,O,ol ''2 II u {I I,P,~/t~ "~ [2 - -  0)10 I l[ U I[0,p ~-~ k'0 [I fll0,p" 

PROOF. From Theorems 3.6 and 4.4, via the Riesz-Thorin Interpolation 
Theorem, we obtain the existence and uniqueness of the solution u ~  
Ht'P(R ~, x/V) and the estimate 

g•  [Dju [2 + I1 gu [{0,, + 12 - oJ,0 II c rvu  {10,, 
j 0,p 

(5.2) 
+ 12 - O~o1'/21 u h,, + 12 - ~O,ol II u IIo,, =< k,o II f l l o , , .  

In order to recover the full estimate (5.1), we merely need to apply standard 
regularity results to the equation 

Y~ a,/D,ju = f -  Y~ bp ju  + (c - 2)u ~LP(R"). [] 
ij y 

The assumption a U ~ Ct(R")u in Lemma 5.1 may be removed by the contrac- 
tion technique of [~,  as we have already done in the previous section. We can 
therefore state the resulting generation Theorem. 

5.2. THEOREM. Assume (4.1) and (2.3)-(2.6). There exists k .  > O, which 

does not depend on the derivatives o f  the coefficients a~:, and co, E R such that for 
Re 2 > o9~1 the equation 

(2 - E)u = f~LV(R" ) ,  1 < p < + oo 

has a unique solution u E H ' , ' ( R  ", J'--V) and 

U u 112,,,v + 12 - ~0., I ''2 II u II ~ ,~ ,~  + 12 - ~0 .  I II u I10,, ---< k .  II/110,,. 
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The previous result may be extended to weighted L p spaces (see Remark 
3.7). 

6. Application to parabolic equations 

In this section we use our generation results to study the Cauchy problem 

ut -- E(t)u = f~LP(O,  T; Lq(Rn)), 

u(O) = 0, 

where p, q > 1 and 

E(t ) = ~, ao(t, x)Dou + ~ bj(t, x)Dju - c(t, x)u. 
o J 

We suppose, for simplicity, that V(x) ~ 1 has linear growth as in (2.2) and we 
assume that operators E(t) satisfy the following conditions uniformly for 

v~ ao(t ' x),Y,~?~j >-_ v I ?, [2, 
o 

(6.3) • J bj(t, x) l 2 _-< vaoB2V(x), 
J 

for some constants v > 0 and B E [0, 2[ and 

(6.4) c(t, x) ffi aft, x)V(x) +/3(t, x) 

with a, fl E C([0, T] X Rn)u, a(t, x)  > a 0 >  0. Moreover, we assume that 

(6.5) a,j, bffv'rv, c/VEC([O, TI×R ' )u ,  ¥i , j f f i  l , . . . , n .  

If fEL°([O, T] X Rn), then one can see [13] for a detailed analysis of 
problem (6.1) when E(t) has bounded coefficients. 

The case of unbounded coefficients has been treated by several authors, such 
as Eidel'mann [10]. The case of f6LP(0,  T; Lq(f~)), where fl is a bounded 
domain, has also been studied by von Wahl [ 18]. The approach we give below 
is, however, very different from the one of [ 18]. 

6.1. TnrORrra. Assume (2.2) and (6.2)--(6.5). Then there exists a unique 
solution u of problem (6.1) such that 

u, ~L°(O, T; L~(R')), u ~Lo(O, T; H2'~(R ", It)). 

t ~ [ 0 ,  Tl: 

(6.2) 
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Moreover 

(6.6) 

PROOF. 

f0 T f0 T ( II u, II 6,~ -+ II u II L. v)dt ~ k II f II g.,dt. 

We split the proof of Theorem 6.1 in a few steps. To begin with, we 
note that for p = q = 2 the proof is standard via Fourier Transform with 
respect to t (see e.g. Theorem 3.2 of [ 14]). Moreover, one can extend this result 
to the weighted spaces considered in Remark 3.7: if 

=(x)  = ln[n(x)]  

satisfies (3.15) and IIfEL2(0, T; L2(Rn)), then problem (6.1) has a unique 
solution u and 

f :  f0 T (6.7) ( II rIu, llg + II flu ll~.v)dt ~ k II nfll?,dt. 

Next, let 2 < p = q < 2* --- 2n/(n - 2). Then, to localize our problem let 
{XN}N~ be a sequence of points with integer coordinates in R n such that 
U tcB(xN, v /n)  covers R n and let ON E C~(R n) be a cut-off function such that 

0 < 0 _-< 1, 0 ~  1 on B(xN, v/~), 0 ~ 0  out ofB(xN, 2¢/~) and ID~ONI < kfor  
l al -< 2 and N > 1. Obviously, uN = 0 :  is a solution of the problem 

(6.8) 

where 

(6.9) 

(uN)t - E(t)uN ~ gN ~LP(O, T; LP(Rn)), 

UN(O) = O, 

gN = ON f- ~, ao(2D~uDflN + uDoON) -- ~, bjuD, ON. 
ij j 

Now, using the homothetical transformation X'-"xx/V(XN) and recalling 
(2.15), we can turn problem (6.8) into a problem with uniformly bounded 
coefficients and then obtain 

(6. I0) ( II (UN)t [l #.p + II ut¢ II £,.r)dt < k II gN II 8.,dt 

where k is, of course, independent of N. Thus, by the Sobolev Theorem, from 
(6.9) and (6. I0) we conclude that 

for  : o  r (6.11) (II(UN), II#,, + lluNll£,.v)dt<=k (llONfll#.,+ lluNll£v)dt. 
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Next, to estimate the fight-hand side of  (6.11), we consider a weight function 

II E C~(R n) such that 0 -< II < 1 and 

n=--I  onB(0 ,2v /n ) ,  n ( x ) = e x p ( - ~ / 1  + lxl 2) ou to fB(0 ,3v /~ ) .  

Obviously, 1-IN(X) = I'I(x -- XN) is an admissible weight for E(t) and so from 

(6.7) we derive 

;0 f0 (6.12) II rlNU l122.vdt < k II rlNf l[ 2dt" 

Moreover, by Holder's inequality. 

(6.13) II IINf II0 --< II x / ~ f  II 0,~/II tin II 0,~ -- kp II v / - ~ f  II 0,~ 

where q = p/(p - 2). But 

(6.14) II UN 112,v ----< k II r im  112,v. 

So, (6.11)-(6.14) yield 

J0 (6.15) (11 (uN), II ~ o,p + II u,, II~,~,v)dt <= k II ONfllo~,~ + II V/-n~fll~,~)dt" 

Adding together estimates (6.15), we obtain (6.6) for 2 < p -- q < 2*. 

Now, if 2* < p = q < 2"*, we repeat the argument above. Theorefore, 

iterating the previous procedure we prove (6.6) in the case o f p  = q > 2. 
Also, the case of  1 < p -- q < 2 may be treated by known duality techniques, 

that we will not repeat here. 

Finally, the general case 1 < p, q < oo follows from what we have just 

proved via the result of  [4]. [] 

Using the same technique, one can also treat non-zero initial data from a 

suitable interpolation space. 
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